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Functional Integration for Bose Fields 
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The Lagrangian occurring'in ffmctional integration of bose fields is shown 
to be made up of two parts, one pertaining to the Bose commutation and 
the other to the dynamics. 

KEY W O R D S :  Functional integration; commutation relations; classical 
limit; field theory. 

In  f ie ld- theoret ic  (a) and  stat is t ical  physics (2,3~ one may  replace the  
H a m i l t o n i a n  fo rma l i sm by a Lag rang ian  formal ism.  The advan tage  o f  the 
la t ter  is the use o f  c -number  funct ions.  In  this note  we in te rpre t  the  func t iona l  
in tegra l  to be c o m p o s e d  o f  two physica l ly  dis t inct  parts .  One mere ly  generates  
the c o m m u t a t i o n  o f  equal  t ime opera to r s  (4) and  the o ther  provides  the 
dynamics .  The apprec ia t ion  o f  this fact  m a y  clarify the use o f  the t imel ike  
p a r a m e t e r  appea r ing  in the func t iona l  in tegra t ion  fo rma l i sm and show tha t  
i t  need no t  be identif ied with a dynamic  p a r a m e t e r  (i.e., t ime or  inverse 
temperature) .  

Cons ider  the mat r ix  e lement  between two coherent  states (5l (l~ ~- 1) 

(~ ' a[exp(iHt)] a+ l ~') 

= f do~(s)exp I l l  [ l ( ~ , & _  & * a ) -  itH(~*, ~)] ds l 0d(Sl)0c*($2) (1) 

with o~(0) = ~', o~(1) = ~, sz > s2, and & - -  8~/0s. We now consider  t = 0, 
thereby e l iminat ing  the dynamic  par t ,  and  see di rect ly  tha t  the r ema inde r  
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affects the commutation relation. Thus the expression in full is [S 1 = (7,' -~- 1) 
and s2 = Z] 

<o~ I cq><% [ ""I c~.)<~. I c~+i I c~.+l> "'" <% I c~a* I ~ "'" <c~:e !o0  (2) 

Here the scalar product 

<~ I ~-+i> = exp[--(l am 12 -~ I a,+i [2)/2 -~ a,*a,,+i], 

and the unit operator I ~)<~ I designates integration J" d2~ r r  - z  I ~>(o~ I. It is 
easy to see that this expression is equivalent to <c~laa+l og>. To see the 
generation of the commutation relation, we note that a typical integral in 
expression (2) is 

f d2% ~r -~ exp(-- 1% 13 + %*%+~ + a l l % )  %* = ~* i  exp(~+l%_x) 

Thus ~a* moves to ~*-l. Similarly ~, moves to the right. When the two 
indices become equal the integral yields (1 + o%*_i~n+l) exp(c%*+i~n_l). 
Continuing we get (aside from a factor <~ I ~')) 1 + ~*~'. In exactly the same 
way < ~ ] a + a [ ~  '> gives ~*~'. Hence the dynamically independent term 
generates the commutation relation. We thus interpret the terms in the 
Lagrangian of the functional integral of Eq. (1) as: (i) establishing proper 
commutation, (4) and (ii) providing dynamics--we emphasize that the 
dynamics could involve interactions. 

To see the connection between the above and Planck's constant, we 
return to Eq. (1). Here h had been absorbed into the ~'s. Redefining 

-+ 3 / =  x/hc~ and noting that the energy per mode and the energy of inter- 
action do not depend on the normalization of the amplitudes of the modes, we 
get as the sole modification in Eq. (1) ~*& -- &*c~ -+ h-i(y*~) -- ~).3/).2 In 
the limit h -+ 0 this term is the only one affected--it is the term which we 
previously identified as giving the commutation rules. This term is pure 
imaginary, so that the classical limit is obtained in the asymptotic sense from 
the stationary phase approximation, i.e., ~ = 0. Thus the expectation value 
of the energy in one mode goes over to the classical limit when the 
s dependence of 3/is dropped. 
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2 The appearance of h in the Jacobian is neglected here; it cancels in statistical 
mechanical expectation values. 
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